Introduction {#Sec1}
============

The concept of *self-stabilization* \[[@CR7]\] is the most general technique to design a system to tolerate arbitrary transient (in other words, limited in time) faults. A self-stabilizing system, regardless of the initial states of the processors and initial messages in the links, is guaranteed to converge to the intended behaviour in finite time. We view a fault that perturbs the state of the system but not its program as a transient fault. The problem of finding disjoint paths in a network has been given much attention in the literature due to its theoretical as well as practical significance to many applications, such as layout design of integrated circuits \[[@CR22]\], communication protocols \[[@CR10]\], secure message transmission \[[@CR24]\], survivable design of telecommunication networks \[[@CR23]\] and reliable routing \[[@CR15]\]. Node disjoint paths can be used for secure communication by breaking up data into several shares and sending them along the disjoint paths to make it difficult for an adversary with bounded eavesdropping capability to intercept a transmission or tamper with it. Network survivability reflects the ability of a network to maintain service continuity during and after failures. In practice, it is important to construct node disjoint paths in networks, because they can be used to enhance the transmission reliability. Alternatively, the same crucial message can be sent over multiple node disjoint paths in a network that is prone to message losses to avoid omission failures, or information on the re-routing of traffic along non-faulty disjoint paths can be provided in the presence of faults in some disjoint paths. Routing is a process of transmitting messages among nodes, and its efficiency is crucial to the performance of a network. Efficient routing can be achieved by using internally node disjoint paths, because they can be used to avoid congestion, accelerate transmission rate, and provide alternative transmission routes. Moreover, node disjoint paths between two processes present additional benefits such as broadening the network bandwidth and load balancing of the network by allowing communicating pair of processes to distribute the communication load on node disjoint paths without congesting communication channels in the network. There are three paradigms for the study of node disjoint paths in interconnection networks: the *one*-*to*-*one*, and the *one*-*to*-*many*, and the *many*-*to*-*many* node disjoint paths \[[@CR8]\]. The one-to-one node disjoint paths constructs the maximum number of node disjoint paths in the network between two given nodes, and the one-to-many node disjoint paths constructs node disjoint paths in the network from a given node to each of nodes in a given set. The one-to-many node disjoint paths problem are fundamental and extensively studied in graph theory. One-to-many node disjoint paths were first presented in \[[@CR26]\] where the Information Dispersal Algorithm (IDA) was proposed on the hypercube. Some algorithms to find one-to-many node disjoint paths in a variety of networks are proposed in \[[@CR5], [@CR6], [@CR8]--[@CR10], [@CR14], [@CR17]--[@CR19], [@CR21], [@CR25]\]. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$G= (V, E)$$\end{document}$ be a connected graph, where *V* and *E* represent the node set and edge set of *G*, respectively. Throughout this paper, we use network and graph, processor and node, and link and edge, interchangeably. The *n*-*dimensional* *star* network (*n*-*star* for short) \[[@CR1]--[@CR3]\] is one of most efficient and popular interconnection networks because of its attractive properties, including regularity, node symmetric, small diameter, and recursive construction. The *n*-*star* network, denoted as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_n = (V, E)$$\end{document}$, is a bidirected graph consisting of *n*! nodes, each node is identified with a distinct *permutation* of *n* symbols $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1, 2,\ldots ,n$$\end{document}$. There is a link between any two permutations (nodes) iff one can be reached from the other by interchanging its first symbol with any other symbol. More precisely, the node representing permutation $\documentclass[12pt]{minimal}
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                \begin{document}$$123 \ldots n$$\end{document}$ will be called the *identity* *node*. Figure [1](#Fig1){ref-type="fig"} illustrates the 3-*star* and 4-*star* systems. The construction of the one-to-many node disjoint paths in the *n*-star has also been considered by researchers in graph theory \[[@CR5], [@CR8], [@CR29]\]. The disjointness of these paths is ensured by using different approaches. In a first approach \[[@CR29]\], we can fix a particular symbol *j*, $\documentclass[12pt]{minimal}
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                \begin{document}$$P_j$$\end{document}$ node disjoint from the others paths. The following example illustrates the concepts (see example [1](#FPar1){ref-type="sec"}).Fig. 1.An example 3-star and 4-star.

Example 1 {#FPar1}
---------
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However, since *n*-star graphs are node symmetric, the position at which to fix the symbol *j* does not have to be the last one, as shown in \[[@CR8]\]. The position at which we fix our symbols could be *i* for $\documentclass[12pt]{minimal}
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Self-stabilizing algorithms to find node disjoint paths are proposed in \[[@CR11], [@CR12], [@CR16], [@CR28]\]. Self-stabilizing algorithms for finding one-to-one node disjoint paths between two endpoints for hypercube and mesh networks have been proposed in \[[@CR11], [@CR28]\], respectively. A new self-stabilizing algorithm for finding two one-to-one node disjoint paths problem in arbitrary network was proposed in \[[@CR12]\]. The basis of the algorithm was outlined in \[[@CR16]\] as a brief announcement. It has been shown that finding the node disjoint paths is *NP*-hard in general graphs \[[@CR13]\]. For *n*-dimensional hypercubes $\documentclass[12pt]{minimal}
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Contributions {#Sec2}
-------------

In this paper, we present the first self-stabilizing distributed algorithm for finding $\documentclass[12pt]{minimal}
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The rest of the paper is organised as follows. In Sect. [2](#Sec3){ref-type="sec"}, we describe the distributed system model used in this paper. Then, we present the one to many node disjoint paths algorithm in Sect. [3](#Sec4){ref-type="sec"} and its correctness proof in Sect. [4](#Sec7){ref-type="sec"}. Finally, we make some concluding remarks in Sect. [5](#Sec8){ref-type="sec"}.

Distributed System and Programs {#Sec3}
===============================
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Self-stabilizing Algorithm {#Sec4}
==========================

In this section, we first present the basis description of the proposed solution. Given a process *s* and $\documentclass[12pt]{minimal}
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Example 4 {#FPar4}
---------
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Labeling Process {#Sec5}
----------------
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---------------------------------------------------------------------------------------------------

Upon completion of the labeling phase, each process *d*.*j* in *DL* is assigned a unique label *j*, $\documentclass[12pt]{minimal}
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The basic construction (property (*i*)) is referred to as *elementary* *construction* and is implemented basically using Function *NextNeighFix1*() (see Algorithm 3, namely the $\documentclass[12pt]{minimal}
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### Remark 1 {#FPar7}

From the above elementary construction we deduce the following remarks.
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### Example 8 {#FPar9}
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### Example 9 {#FPar10}

From example [8](#FPar9){ref-type="sec"}, the paths $\documentclass[12pt]{minimal}
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Proof of Correctness {#Sec7}
====================
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Lemma 1 {#FPar11}
-------
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In the sequel, we need the following definition. We say that a process sequence $\documentclass[12pt]{minimal}
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Lemma 2 {#FPar12}
-------

There is no simple cycle of the length less than six in the n-star S$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$_n$$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}revP_{j}$$\end{document}$ denote the set of all the paths built before the path $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_j$$\end{document}$. We introduce the definition of the sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {N}_{j}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathsf {1})$$\end{document}$-$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {N}_{j}$$\end{document}$ associated with each destination process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d.j \in DL$$\end{document}$ to facilitate the proof. Observe that each process *d*.*j* has $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n-1$$\end{document}$ neighbours, one is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathsf {1})$$\end{document}$-*process* and the others are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(i\_\mathsf {1})$$\end{document}$-*processes*. Let the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n-1$$\end{document}$ neighbours of *d*.*j* be $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_2 = \pi [ 1, 2](d.j), d_3 = \pi [ 1, 3](d.j), d_4 = \pi [ 1, 4](d.j), ... , d_n = \pi [ 1, n](d.j)$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_i = \pi [ 1, i](d.j)$$\end{document}$ is the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathsf {1})$$\end{document}$-*process* associated with *d*.*j* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi [ 1, k](d.j), 2 \le k \le n$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \ne i$$\end{document}$, are the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(i\_\mathsf {1})$$\end{document}$-*processes* neighbours of *d*.*j*. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {N}_{j}= \{d_k, 2 \le k \le n $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \ne i \}$$\end{document}$ be the set of all the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(i\_\mathsf {1})$$\end{document}$-*processes* neighbours of *d*.*j*. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathsf {1})$$\end{document}$-$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {N}_{j} = \{(1)$$\end{document}$-$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_k, 2 \le k \le n \}$$\end{document}$ be the set of all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathsf {1})$$\end{document}$-*processes* associated with processes in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \{ d.j \} \cup \mathcal {N}_j$$\end{document}$ such that (1)-$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_k$$\end{document}$ is the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathsf {1})$$\end{document}$-*process* associated with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_k$$\end{document}$.

Lemma 3 {#FPar13}
-------
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Proof {#FPar14}
-----
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Lemma 4 {#FPar15}
-------
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Proof {#FPar16}
-----
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Lemma 5 {#FPar17}
-------
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Proof {#FPar18}
-----
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Conclusion and Future Work {#Sec8}
==========================

In this paper, we presented the first distributed self-stabilizing algorithm for finding *one*-*to*-*many* node-disjoint paths algorithm in message passing model. Two paths in a network are said to be node disjoint if they do not share any nodes except for the endpoints. Our algorithm works on *n*-star networks $\documentclass[12pt]{minimal}
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